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13.0 FINITE ELEMENT FORMULATION OF THE LAYER-WISE SHEAR DEFORM.-
ABLE COMPOSITE SHELL THEORY

13.1 Introduction
Present Composite Shell Technology and its Limitations

13.1.1  Classical lamination theories

Plate and Shell structures made of laminated composite materials are often modeled as an
equivalent single layer using classical laminate theory (C.L.T.) in which the thickness stress
components are ignored. The classical laminate theory is a direct extension of ciassical plate
and shell theory in which the well known Kirchhoff-Love kinematic hypothesis is enforced.
This theory is adequate when the thickness (relative to side or radius) is small so that the varia-
tion of the field variables through the thickness direction is minimal. However, laminated plates
and shells made of advanced filamentry composite materials are succeptible to thickness effects
because their effective transverse moduli are significantly smaller than the effective elastic
modulus along the fiber direction. Furthermore, the classical theory of plates which assumes that
the normals to the midplane before deformation remain straight and normal to the plane after
deformation, underpredicts deflections and overpredicts natural frequencies and buckling loads.
These discrepancies are due to the neglect of transverse shear strains. The errors in deflection,
stresses, natural frequencies, and buckling loads are even higher for plates made of advanced
composite. The range of applicability of the C.L.T. solution has been well established for lam-
inated flat plates by Pagano [see Pagano 1989]. These analyses have indicated that a theory
which accounts for the transverse shear deformation effects would be adequate to predict the

gross behavior of the laminate.

13.1.2  Shear deformation theories

In order to overcome these deficiencies in C.L.T., refined laminate theories have been pro-
posed. These are single layer theories in which the transverse shear stresses are taken into

account. They provide improved global response estimates for deflections, vibration frequencies
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L

and buckling loads of moderately thick composites when compared to the classical laminate
theory. A Mindlin type first-order transverse shear deformation theory (S.D.T.) was first
developed by Whitney and Pagano {1970] for multilayered anisotropic plates, and by Dong and
Tso [1972] for multilayered anisotropic shells. Both of these approaches (C.L.T. and 8.D.T.)
considered all layers as one equivalent single anisotropic layer; thus these approaches are inade-
quate to model the warpage of cross-sections, that is, the distortion of the deformed normal due
to transverse shear stresses. Furthermore, the assumption of nondeformable normal results in

incompatible shearing stresses between every two adjaccht layers. Also the latter approach

requires the introduction of an arbitrary shear correction factor which is dependent on the lami-

nation parameters for obtaining accurate results.

13.1.3  3-D Anisotropic elasticity

In another class of composite problems, i.e., for composite structures with a thick cross-
section, two-dimensional plate analyses are inadequate because through-thickness stresses (inter-
laminar and normal stresses) are comparable in magnitude to the other stress components. Thus
a three-dimensional finite element analysis is necessary in order to calculate the through-
thickness stresses accurately. Since material properties vary from layer to layer due to the
change of the ply orientation, finite element modeling for very thick composites throughout the
thickness becomes extremely difficult and expensive. Traditional, three-dimensional finite ele-

ment methods, based on one layer per element, are not computationally efficient for analysis.
New Directions in Composite Shell Technology

The exact analyses performed by Pagano [1989] on the composite flat plates have indicated
that the distortion of the deformed normal is dependent not only on the laminate thickness, but
also on the orientation and the degree of orthotropy of the individual layers. Therefore the
hypothesis of nondeformable normals, while acceptable for isotropic plates and shells is often

quite unacceptable for multilayered anisotropic plates and shells with very large ratio of Young’s
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modulus to shear modulus, even if they are relatively thin. Thus a transverse shear deformation
theory which also accounts for the distortion of the deformed normal is required for accurate
prediction of the behavior (deflections, thickness distribution of the in-plane displacements,

natural frequencies, etc.) of multilayered anisotropic plates and shells.
In view of these issues a variaiionally sound theory that

e  Accounts for the 3-D effects
e  Allows thickness variation, and

e  Permits the warping of the deformed normal
is required for refined and sophisticated analysis of thick and thin composites.

The approach proposed in this work utilizes a displacement field which fulfills a priori the
static and geometric continuity conditions between contiguous layers. It is worth mentioning that
the number of partial differential equations in the resulting system is independent of the number
of plies. In addition, the order of the system is the same as in the first-order shear deformation
theory. The chief advantage of the assumed displacement field rests on its capability to model
the distortion of the deformed nbnnal and to satisfy the contact conditions ab initio, without
increasing the number and order of the partial differential equations with respect to the first-
order transverse shear deformation theory. Furthermore, it is feasible to employ this formulation

for constructing plate and shell finite elements via the finite element displacement method.
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13.2 A C%continuous Theory for Composite Laminates

The Continuum Theory for Composite Laminates as presented in the previous chapters
requires C!-continuity of shape functions, just as does the classical Poisson-Kirchhoff Plate

Theory and the classical Bernoulli-Euler Beam Theory.

From a mathematical viewpoint, if the stiffness integrands involve derivatives of order m,
then the requirements for the convergence of the Finite Element Solution to the exact solution

with the refinement of the mesh are

i)  Shape functions should be smooth to order C™ on each element interior, Q°;
ii) Shape functions should be C™! continuous across each element boundary I'®.

iii) Shape functions should be complete.

Finite elements that satisfy these properties are called CONFORMING, or COMPATIBLE

elements.

Continuous (i.e., C) finite element interpolations are easily constructed. The same cannot
be said for multidimensional Cl-interpolations [Hughes, 87]. Furthermore, there has been an
increasing trend in the literature to go towards elements based upon theories which accommo-
date transverse shear strains and require only C’-continuity [Hughes, 87). Although this
approach is not without its own inherent difficulties, it opens the way to a greater variety of

interpolatory schemes.
13.3 New Ideas Proposed in the Present Theory

In the following section we present a Finite Element Shear Deformable Theory for thick as
well as thin composites. The proposed theory has a number of noteworthy attributes which
directly address the technical drawbacks present in most of the theories that have been proposed

for composite analysis to date.
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The displacement field proposed in this work is continuous in 3-D where as the rota-
tion field is layer \/1se continuous (in 2-D) and can be discontinuous across the finite

clement lay .5 through the thickness direction.

The displacement field fulfills a priori the static and geometric continuity conditions

between contiguous layers.

The novel idea in the assumed displacement field lies in its capability to model the
distortion of the deformed normal, without increasing the number and order of the par-
tial differential equations with respect to the first-order transverse shear deformation
theory.

Another new idea in the theory is its 3-D feature, thereby modeling the interlaminar

conditions and predicting the 3-D edge effects more accurately.

A salient feature of the proposed theory is that, at most, only first derivatives of dis-
placement and rotation fields appear in the variational equations. The practical
consequence of this fact is that only C° continuity of finite element functions is

required which is readily satisfied by the family of Lagrange elements.

The number of partial differential equations in the resulting system is independent of

the number of plies and their orientations in the composite.

Another advantage of the proposed composite shell theory lies in the greater flexibility
in the specification of the boundary conditions.

The theory covers a wide range in the sense that in one limit case when there is only
one layer of proposed elements through the thickness, one recovers the features of the
standard Shear Deformation Theories (S.D.T.). However the added advantage in the
present case lies in the 3-D feature of the theory which controls the variation in the
thickness via the Poisson terms rather than ad hoc mathematical tricks as done in the
literature.

In another limit case, one can model the composite with one element per ply through
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the composite thickness, a procedure that is typically done while using the standard
3-D anisotropic elasticity elements. The added advantage of the proposed theory in
this limit case is that because of the shear deformation capability of the proposed ele-
ments, they model the warping of the deformed normal more accurately, thereby
improving the bending behavior.

e From a practical design point of view it provides the engineer the freedom to deter-
mine the precision in analysis. If a general response of the composite structure is
required, the composite can be modeled with one element through the thickness. On
the other hand, the designer can model the thickness with as many layers of the pro-

posed element as deemed necessary to achieve the required accuracy.

e  Furthermore, it is feasible to employ this formulation for constructing plate and shell

finite elements via the finite element displacement method.

13.4 Main Assumptions of the Plate/Shell Theories

1. The domain Q is of the following special form:

Q=(xy2)ePlze [-%,-;—] , xy)e AcR) (13.4.1)

where t is the plate or the shell thickness and A is the area of the reference surface.

2. O33 = 0

=5 plane stress hypothesis (see Hughes, 87, p. 311).

3. Uy(x,y.2) = ~z04(x,y)

This assumption implies that plane sections remain plane. 6, is interpreted as the rotation

of a fiber initially normal to the plate reference surface.
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4' U3(X'sz) = w(x0y )

This means that the transverse displacement w does not vary through the thickness.

13.5 Main Assumptions of the Layer-wise Shear Deformable Shell Theory

1. The domain Q is of the following special form:

()]
Q={(x,y,z) eI e [:2‘- , %] , T=Y 29, xy)P e A“’ck’} (13.5.1)
i

i.c., there are / layers of finite elements in the thickness direction, and A is the area of the

reference surface for that layer and T is the total thickness T of the composite shell.

2. 'The displacement field is assumed to take the following form

Udx,y,2) = udx,y,2) - 2000 x,y) (13.5.2)

here u{P(x,y,z) are the displacements and 08(x,y) are the fiber rotations for the /™ layer
reference surface and § € [0,1] is a parameter that establishes the position of a point from

the reference surface in the thickness direction.

3. The displacement field in the thickness direction is assumed to be a function of z

UfD = uy(x,y,2) (13.5.3)

By this assumption the transverse displacement, u; does vary through the thickness thereby
producing through the thickness strains which result in thickness variation in the shell.

4. As a consequence of the above relaxation

033#0

BASE




13-8

i.e., we do not invoke the plane stress hypothesis.

5. We know from the elasticity theory that the displacements and stresses at the interface

between I and (/+1)® bounded layers must satisfy the following contact conditions

v =ud (13.5.4a)
U{) =D (13.5.4b)

In addition, continuity of stress tractions requires that the following stress conditions at the

interface of layers be satisfies
10 =4y (13.5.52)
) =V (13.5.5b)

A consequence of the second assumption above, (13.5.2), is that each finite element layer is
associated with non-normal cross-sectional rotations which are assumed to be the same for all
representative elements or plies in the finite element layer in accordance with the Mindlin
kinematic assumption. Another consequence of the second assumption is that it results in
independent shear deformation of the director in each layer and allows the warping of the com-
posite cross-section. It also results in discontinuous strain fields across the different material
sets, thereby creating the provision of stress continuity acﬁss the material interfaces. Conse-

quently, the fifth assumption is inherently satisfied.

The proposed theory goes one step further than the present shear deformable theories for
composite laminates in that the non-normal cross-sectional rotations may or may not be the same
from one finite element layer to the other. This allows warping or deformation of the normal,
thus producing a higher order displacement field through the thickness direction. Consider the

interface between I* and (i+1)™ finite element layers and impose the continuity of the tangential
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components of the displacement field via

U‘(![) ___U((!Hl)

therefore

ux.y.2) + 220 Px.y) = v Dx,y,z) + 2+ HV(x,y)

for the interface between / and (I+1)® layer

{ =+1 for I layer

{ =0 for (1+1)™ layer

Substituting in Eq. (13.5.6)
v (xy.2) - udixy,2) = 298P (x.y)
00(cy) =~ d*Vixy.2) - uxy2)
It implies that in a discrete sense

8{%x.y) = uffi(x,y.2)

80 x.y) = ufl(x,y.2)

(13.5.6)

(13.5.7)

(13.5.82)

(13.5.8b)

So when we substitute these in y,3 expressions we obtain the modified shear strain expression.

Furthermore, in examining US? and U{? in assumptions 2 and 3, it is easy to realize that the

displacement field assumed is a continuous function of z coordinate for all values of u)(x,y,z)

and 6)(x,y). Consequently, the requirement of continuity of the displacement field is automati-

cally satisfied.
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13.6 Geometric Representation

13.6.1 Proposed Composite Shell Element

Figure 13.1 shows a typical configuration of a doubly curved composite shell. It can be
made of numerous plies with variable material properties, reinforcement fiber orientations and
ply thicknesses. For all practical purposes, these plies are stacked on top of each other in a cer-
tain predefined sequence. We call this sequence which repeats itself in the thickness direction as
a "representative element." In our mathematical modeling of the mechanics of shell, no such
assumption has been made which limits the number of individual plies, ply thicknesses, their
orientation or their stacking sequence to join a representative element. At the same time, there is
no limitation on the number of such representative elements in the thickness of the composite
shell. Consequently the finite element model developed can be applied, with the same ease, both
at the individual laminate level (i.e., the microstructure level) or the representative element level

(i.c., the macrostructure level) or even to a congregate of representative elements.

Fig. 13.1a
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As shown in Fig. 13.1, the composite is discretized via four finite element layers through
the thickness. As noted previously, each of these layers could be representing either the micro or

the macro structure of the composite. x,

Fig. 13.1b
Stress representation on a typical finite element layer

Let us concentrate our attention to the case in which the composite is composed of four
laminates, each being modeled via a finite element layer. A typical such layer is shown via the
shaded region in Fig. 13.1a. The stresses and stress couples acting on this layer are shown in
Fig. 13.1b. Figure 13.2 shows a schematic diagram of the geometry of the layer with the refer-
ence surface associated with the bottom surface of the layer. In our presentation, a typical com-
posit~ shell element has its reference surface associated with its lower face as shown in Fig.

13.2.
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La)
1
Fig. 13.2

A more detailed account of the nodal degrees of freedom and stresses and stress resultants
at the finite element level is shown in Fig. 13.3.

Fig. 13.3
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13.6.2 Kinematics of the Deformation Through the Thickness

Figure 13.4 shows a thick composite laminate with "m" number of representative elements,
cach containing "n" different layers. In the "Layerwise Shear Deformable Finite Element
Theory for Composite Shells” that we are presenting in this work, the total thickness T is divided
into L finite elements through the thickness. Each layer of finite elements through the thickness
is associated with a reference surface which is coincident with the lower surface of that layer.

The total thickness is given by

i+t + o+t =T (13.6.1)

and reference surface of 1st layer lies at

t=0

Reference surface for the second layer of finite elements lies at

Similarly for the 3rd layer

t=(t)+t)

It is very important to note that the normal fiber rotation (i.c. 8y) anc :he slope (i.c., u3 o)
are not necessarily the same and thus transverse shear strains are accommodated. This is to be
contrasted with the classical lamination theories (C.L.T.) in which 6, = w , and consequently the

transverse shear strains are zero.

Within each layer (of finite elements), the normal to the reference surface for that layer,
rotates by 6., thereby generating shear strain y,3. Consequently, in the deformed configuration,
node 2 (through the thickness, see fig. 13.4) moves to the location 2’.
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Now, the normal to the undeformed reference surface in the second layer rotates by an
angle 0/, generating shear strain Yo3. (Here I =2, i.e., finite element layer #2). Because of the
continuity of the displacement field in the thickness direction we obtain the new locations of
finite element nodal points as 1’, 2°, 3’ and 4°, shown in the deformed configuration. It should be
noted that this new location of points produces a higher order variation of strains through the
thickness direction. This is a very important feature that precludes the need for introducing ad
hoc polynomial expressions to model the higher order variation of displacement field through the
thickness.
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i !
Fig. 13.4

Shell Kinematics. Variation of Transverse Shear Strains Through the Thickness
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13.7 Finite Element Description of the Thick Composite Shell

13.7.1 Doubly curved ¢ . mposite shells in 3-D

The geometry of a typical quadrilateral shell element is defined by the following relations

xO&n.5) =xEn) + XOEN.L)

Nea
DEm) = T N,EnEP
s=1

O
X0 = z:l N,EXPQ)

XP0) =2PQXP (no sum)

z0@) =N @z + Nz

N*Q) = % (1+0)

N© =3 1-0)

xD:  the position vector of a generic point of the shell for layer .

xO: the position vector of a point in the reference surface, for layer /.

(13.7.1)

(13.7.2)

(13.7.3)

(13.74)

(13.7.5)

(13.7.6a)

(13.7.6b)

X®:  the position vector of a generic point relative to X'” which defines the director through

the point for layer ! (in computational shell literature, X(? is referred to as fiber direc-

tion).

x:  the position vector of nodal point "a" in layer L.

Ny the number of element nodes in the reference surface of layer I.

o denotes a two-dimensional shape function associated with node "a".
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X®:  aunit vector emanating from node "a" in the director direction.

Z,: a "thickness function” associated with node "a", which is defined by the location of the

reference surface.

The above relations represent a smooth mapping of the biunit cube into the physical shell
domain. For "{" fixed, the surface defined by (13.7.1) is called a lamina and for "E,n" fixed, the
line described by (13.7.1) is the director. The directors are, in general, not perpendicular to the
laminae. Sometimes the director is referred to as the "pseudonormal.”

For a particular choice of two-dimensional shape functions, eqgs. (13.7.1)-(13.7.6) are pre-
cisely defined upon specification of X, X{?, Z®* and z® (a=12,.n,). It is convenient in
practice to take as input the coordinates of the top and bottom surfaces of the shell along each
nodal director (x{** and x{?, respectively) and a parameter { e [~1,+1], which defines the loca-
tion of the reference surface. For example if T =-1,0,+1 (respectively), then the reference sur-

face is taken to be the bottom, middle, top (respectively) of the shell. From these data we may

calculate
N =
X0 = > (1-Dx0+ % 1+Dx 13.7.7)
D+ -
n X -X
X0z ——— (13.7.8
Y ox®—x® )
y AL -;- -0 nx® - x@ i (13.7.92)
Z0=- -;- a+D) 1x® - x O (13.7.9b)
where 111 denotes the Euclidean norm (i.e., lIxl = (x24+x2+x2)!?),
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Lamina Coordinate Systems

At each integration point in the element a Cartesian reference frame is erected so that two
axes are tangent to the lamina through the point. The frame is defined by its orthonormal basis
vectors ell‘,ezl‘,e} in which e} is perpendicular to the lamina. The basis vectors are calculated as

follows n

N = constant

£ = constane

Fig. 13.5 Typical lamina coordinate system ({ = constant surface)

Construct unit tangent vectors to the E- and - coordinate directions:

)
p X
ef 01 (13.7.10a)

<

- 2N
el = 13.7.10b
Toux@ ( ‘

Consequently

efdx e

e = ———
lefd x el

(13.7.11)

The vectors tangent to the lamina are selected so that the angle between el and ef? is the same
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as the angle between ef"’ and e} and so that the e,l‘.ezl‘-basis is as "close" as possible to the

eéo,e.,("’ basis. Thus

5
el = -52- - ef’
2
ob=2 (P efd
where
1
0.2 e+ e
= (ef” + el
Ly e
eff = —2 8 __
lie} x el

(13.7.12a)

(13.7.12b)

(13.7.13a)

(13.7.13b)

Furthermore, we also define the orthogonal matrix to transform quantities from the global coor-

dinate system to the lamina system

q=[q;} =[e] ey e]1T

(13.7.19)
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~

-3

Fig. 13.6 1 = constant surface

For the present case

el=A, , eJ=A, , el=D

When specialized to flat geometries these become

1
e11'=Al=El={ 8}

where E |, E,, E; are unit vectors in the Cartesian frame.

(13.7.15)

(13.7.16a)

(13.7.16b)

(13.7.16¢)
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inat tem

A unique coordinate system is erected at the nodes on the reference surface for each layer
and is used as a reference frame for rotations. One of the directions of this frame is required to
be coincident with the director direction. This one condition is not sufficient to define the frame.
The following algorithm [Hughes 1987] can be employed to define this frame.

Let X denote the unit basis vector in the director direction and €,.e,,e3 denote the global

Cartesian basis, i.c.,
(l) { 0 0
e = » =19 1 ¢ , e5=¢ 0 ,
1o 0 11

The global Cartesian components of X are denoted by Xi, i=123.
Algorithm

1. Leta=1X;l,i=123.

2 j=1

3. Ifa;>aj thenaz=aj,andj=2.
4. Ifa;>azj=3.

5. ef=X

6. ef=(Kxe)/IXxell

7. ef=efxX

The orthonormal fiber basis obtained (i.c., ef,e{,eg) satisfies the condition that if X is close

t0 ¢4, then ef,ef.ef will be close to e,,e;,e3, respectively.
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13.7.2 Kinematics in the context of Finite Element Method

The displacement of the shell is assumed to take the following form:
uOEn0) =a0&n) + UPEND

N
iPEn) = ¥ NEnud
=1

Nes
UPEnD =3 N,ENUAWD)
=1

U = Z.(D(C)ﬁ,m (no sum)

u® s the displacement of a generic point in the shell layer /.

u® is the displacement of a point on the reference surface of the shell layer I.

U® s the "director displacement” for the shell layer /.

00 =00+ 09

where

U = @~ ugungyed"

The vector U is constructed such that the director may rotate, viz.

U =00e" - 0el"

(13.7.17)

(13.7.18)

(13.7.19)

(13.7.20)

The quantities 0 and 8 represent the rotations of the fiber about the base vectors ePf and

e, for shell layer /, respectively.
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13.7.3 Appearance of 3D effects in the theory

Typical shell theories have shell description and parameterization done via a 2D reference
surface and a director field which is orthogonal to this surface. Plane stress hypothesis is nor-
mally invoked. Based on the assumption that the thickness of the shell is small, some of these
theories do not permit the thickness variation thereby making the thickness strains identically
equal to zero. In other cases, [Simo and Fox 1988], the variation of the shell thickness is
accounted for by associating a parameter with the director field and bounding it so that the thick-
ness does not take unrealistic values. First allowing and then later controlling the thickness vari-
ation of shells is an important issue and it arises because of the introduction of engineering
approximates to convert a 3D theory, representing 3D phenomenon, to a 2D theory and still
expecting it to somehow manifest the effects in the third dimension.

In our description of the shell, there is a third dimension, i.c., through the thickness dimen-
sion which permits the development of strain field, and thereby modeling thick laminates in a
more realistic way. Furthermore, we do not have to introduce auxiliary functions in the director
field to control the shell thickness. In our theory, because of the Poisson effects in the third

dimension, strains develop through the thickness and account for the thickness variation.
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13.8 Derivation of C matrix for a representative element

Fig. 13.7 Schematic diagram of a “representative element” and its constituent laminates

Suppose, the representative element is made of two laminates of the same material but with

reinforcement fiber orientation at +8 and - degrees with respect to the extension direction.

Let C) (o0 = 1,...number of plies in representative element) represent the C matrix (consti-
tutive matrix) for the laminate with regard to its mutually perpendicular planes of elastic sym-

metry. In general it can be written as
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Ch C2 €C3 O 0 st-‘
Ca Cp Cn O 0 Cas

Clor =

&
0

0 0 0 Cy GCs O
Cas

where o represents the number of laminates in a representative element.

Let f(, represent the direction along the loading for the composite element and let X3
represent its thickness direction. This axis is assumed to be perpendicular to the plane of elastic
symmetry. The C(c) for a laminate can be projected from its mutually perpendicular planes of
elastic symmetry onto the composite coordinate system (X;,X,.X3) about the Xj axis via the fol-

lowing transformation matrix.

— -
C? s2 0 0 0 CS
s2 c? 0 0 0 -CS
0 0 1 0 O 0
Qo= 0 0 o Cc S o (13.8.2)
0 0 0 S C 0
2CS XS 0 0 0 (C-%8)
L _
where C=c0s 8, S =sin 6.
Then the transformed constitutive matrix is obtained as
Cw = QCie Q) (13.8.3)

In general, C' () will have the following form
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Cin =
@ lo 0 0 Cu Cs 0 (13.8.4)

We evaluate the Cee, elem ) i-€., the constitutive relation for the macro element via the

expression

Cerep. etem) =mC'qp) + (1-m)C’y (13.8.5)

wherem =§,/€, < 1.

Now Cep, etem.) Provides us an effective C matrix which repeats itself in the composite in
its thickness direction. In other words it represents an effective material in which the effects of
various fiber orientations and different material properties have been integrated in a consistent

manner.

£

Clmacro) = 6[ Crep. elem.)dx3 (13.8.6)
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Fig. 13.8 Finite element mesh, through the thickness
Figure 13.8 shows a typical representative element, composed of "n" plies (in this figure, n = 2).

There can be "m" such representative elements in the thickness direction.

Now that we have shown a consistent way of arriving at the macro level from the ply level,
we are in a position where we can talk about its numerical implementation. There are a number
of important factors which have to be considered and are summarized below. These technical
issues make the present implementation different from a 3D continuum model and also from the
standard 2D shell elements, whether they are based on the degenerated shell approach or the

Cosserat surface approach.

From an implementational standpoint, this theory, in effect, combines the 2D shell effects
with the 3D continuum effects. It is a well known fact that a shell can be analyzed as a congre-
gate of 3D elements in which the in-plane dimensions of the finite elements are of the order of its
thickness dimension. The drawback lies in the tremendous storage requirements and the CPU
intensive calculations of the large systems of equations. A shell formulation allows the same
engineering accuracy with considerably less elements, thereby making the computations cost

effective and economic.
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Following is a brief presentation of finite element formulation.

13.9 Finite Element Formulation

13.9.1 Strong Form of the Problem
To the general equilibrium equations we add the boundary conditions

ug=1ly on I,
u3=83 on I,
0,=0, on Iy

In addition

t“ﬂn‘; =7 on I'®

q°ne=q on I

S“Bnp=§°‘ on I,

(13.9.1a)

(13.9.1b)

(13.9.1¢)

(13.9.1d)

(13.9.1¢)

(13.9.1f)

where Iy \ T, corresponds to the boundary where displacement type boundary conditions are

applied; I'¥ Iy corresponds to the boundary where traction type conditions are applied; I'g

corresponds to the boundary with prescribed rotation; I', corresponds to the portion of boundary

with applied moments.

As usual

n=n,E,=n,A,

denotes the unit outward normal to the boundary dQQ of domain Q.

(13.9.2)
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13.9.2 The Weak Form of the Equations

Multiplying the strong form of the problem with the admissible variations, integrating by
parts and using the prescribed essential and the natural boundary conditions we arrive at the

weak form of the problem.

The spaces relevant to the problem are

S = {(1,u3,0) 1 (u,u3,0) € H(Q) , (W,u3,0):S > RxRxR, stu=ionTl, ,

(13.9.3)
u;=tGy0nT,, , 8,=0, 0nTy)

where S is the space of trial displacements and trial rotations, respectively.

The associated space of weighting functions is

V = ((i5,03,0) | (@,83,.0) € HA(Q) , @13,0): S 5 RxRxR, st.i=0onT, ,
(13.9.4)
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where H!(Q) denotes the space of square-integrable functions along with their generalized
derivatives defined over £, and Hol(ﬂ) is the subset of H(Q) whose members satisfy zero essen-

tial boundary conditions.
13.9.3 Finite Element Nomenclature
Summary of Composite Laminate C°-Theory Notation

U

u® = <uy,up,u5> displacement vector
00 =9{0 =<p,,0,5 rotation vector
kB =5{0p =6{s) curvature tensor

)= uy’ 8 = u3") (1Y shear strain vector

X
S((,Q = -)%;-n- I t&ﬁé d§ moment (stress couple) tensor

(]

X5
o= [ 19k shear force vector
L]

iy prescribed boundary displacement
6 prescribed boundary rotations

The variational equation for the Composite Laminate Theory for Shells is derived from the
variational equation of the three-dimensional theory by making use of the preceding relations.

Let Q < K™ be a bounded open set with piecewise smooth boundary I'; ngy 2 1 denotes the
number of spatial dimensions. I'" admits the following decomposition

r,ul,=T (13.9.53)
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T,AT,=0 (13.9.5b)

where [, and I, are the portions of the boundary with prescribed essential and natural boundary
conditions, defined as

I,=I,uT, (13.9.6a)
M=TuluT; (13.9.6b)
1.  The domain Q is of the following special form

Q={(xy.2)e Blze [0L,X™],(xy)e AcCR) (13.9.7)

2.,  The integrals appearing in the three dimensional variational equations are replaced by

X5
[--d@=] [ ---dxaa (13.9.10)
Q A 0
X
l! ...dI‘:I(...>dA+I I -.-dxsds (13.9.11)
\ A A

where ds is measured along the perimeter of A.
13.9.4 Finite Element Stiffness Matrix and Load Vector

The finite element stiffness matrix and load vector may be obtained directly from the
matrix form of the variational equation. The finite element approximations for u,ii,0 and  are

denoted by uh,i®,0" and 0", respectively.

In a typical element, possessing n., nodes,

TNen
u'=3 N,ul (13.9.12a)
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Dea

"=y N, o} (13.9.12b)
=1
N

"=y N, 0> (13.9.13a)
=1
N -

=3 N, 0} (13.9.13b)
=1

where N, is the shape function associated with node "a", ul, @2, 0}, and 0} are the a™ nodal
values of u®, @, 8" and 8", respectively. It is not necessary to assume that 8" and u® be defined
in terms of the same shape functions and nodal patterns. However, for the present implementa-
tion, this will be the case.

13.9.5 Nodal Degrees of Freedom

d*= (df) (13.9.142)

d°= (d;) (13.9.14b)

[ 3

di=1 ul, t (13.9.14¢)

(13.9.144d)

£
[,
"
_—
el
Y

. P

where p is the local equation number at the element level.
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13.9.6 Matrix Expressions

Stress Vectors

The resultant stress vectors for an element which has the 3D-effects of an elasticity element

and 2D effects of a shell like element are:

R
t={ ) } inplanc (13.9.15a)
)
qf”
4= iy shear (13.9.15b)
B
6={ off } bending (13.9.15¢)
of}
%= {z{]} through—the—thickness (13.9.15d)
Strain Vectors
The strain vectors corresponding to the stress vectors are
| R
e={ v inplane (13.9.16a)
2v{3
(
8={ :3_3} shear (13.9.16b)
R
x={ x§) } bending (13.9.16¢)
2x{d
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€= (¥{]) through~the—thickness (13.9.16d)

We can combine the strain vector for inplane effects with the strain vector for through-the-

thickness effects to yield a vector that incorporates 3D effects

:
Y
=4 13.9.17
=1 ¥ ( )
2v{3

S 4

v

13.9.7 Matrix Differential Operators

The strain vectors can be written in terms of differential operators as follows

AT 3ox!

A7 3/0X?

DT 9/0x3
AT 9/0x%+ A 9/ex!
[ J

r u (13.9.18)

For the case of flat geometry and linear analysis

S ORSHESt]

The matrix differential form for the modified membrane effect then becomes

o/oX!

_1 aex?

m P /3X3
9/9X2 + 9/oX!

(13.9.19)

Similarly, for the shear operator

1 1
Sa =Ya3 = 2 (u3g— 8y) = 2 (u36- 9y
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Remark: Note the introduction of the rotation field in the above strain-displacement relation

8, =[DTapx* AJ) { H } (13.9.20)

Therefore transverse shear strain vector d is

ne w3

where

for flat geometries:

B,=[B,, Byl= (13.9.21)

o/oX® AJ

aox! A }

Following the same lines, the bending strain vector § which comprises of the operators

(13.9.16¢) and bending membrane coupling, can be written in terms of matrix differential opera-

tors:
§= [ﬁbm Bbb]{ 3 }
where
DT apx! AT 3/x!
B,, = D 9/0X? ; Byp= A; 30X (13.9.22)
D] 0/0X2+ D] d/0X! AT 90X + AJ 9/oX!
Specializing for flat geometries
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) _ d/oX!
B, =[0] , By = 9/oX?
9/0X? + 9/oX!

Finally, a total matrix differential operator B can be defined which produces the total strain vec-

tor € when applied to the displacement field u and the rotation field ©:

where

B, B, (13.9.23)
Bum B

13.9.8 The Strain Displacement Matrices

We can write the matrix differential operators in terms of element shape functions as fol-

lows:

00
B =| 0 N2 0 00 (1.3.9.242)
m=| 0 onﬁog
0

N 0 -N, (13.9.24b)

Nl.
0 N,, (13.9.24c)
N

where "a" stands for the node number.
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| Ba B, 0
B,=| B, | = | B By,
By, Bom, Bu,

13.9.9 iffness Matrix

Using the finite element assembly operator, the stiffness matrix is obtained as

L
K=% 3 K° (13.9.25)

where L is the total number of finite element layers through the thickness and "n,;" is the total

number of elements in each layer.

We can also write k as

Ry
K=A l“‘:::mb"'kxf(ﬁ'::k*'kﬁ;;dmg"’k:ha;]
P

m ~
=A_ [k Semb + Kining + Kou] (13.9.26)
=]

where we have combined the inplane membrane effects with through the thickness effects to
engender the modified K& mp-

Let us consider each of the stiffness contributions one by one.

e Modified m2mbrane stiffness
ke = kgD ]

where
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(x—;—)
kid =[ [ BILCOB,jddO (13.9.27)
5x5 D 0 54 44 65

where C{? is the constitutive matrix for membrane effects for layer /, L denotes the total number

of finite element layers and

+ +1
fdO={ [ --- d&dn (lamina intcgral)
a -1

j is the determinant of the Jacobian defined as

_ X185 X1n X1
j=det | Xr Xon Xpr

X35 X3n X3
We can write the above equation as
- Dimtes
kZ"= ¥ Bl COB,, jw® (13.9.28)
=1

where n;,  is the integration rule required to exactly evaluate the membrane effects. In this
equation we have replaced the integral sign with summation over all the integration points and
have also multiplied by the corresponding weight w®. Since it is a volume integral, so the loop
over the nodes covers all the nodal points in the element. Furthermore we need 2 2 x 2 x 2
integration rule to evaluate all the monomials in the integral exactly. [Note: 2 x 2 x 2 rule is for
an 8-node brick element.] We need to use the appropriate rule for higher order elements.
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e  Bending Stiffness
koca = (k) _]
D =(BS H
k&u-nglCéth‘JdD

where C{? is the constitutive matrix for the bending effects for layer /, and j is the determinant of

the 2D reference surface Jacobian defined as

The nomenclature used in the proceeding expressions is defined as below.

ab: finite element nodes associated with the reference surface (1 <= 4, b < fi.y).
Ding,,: integration rule required to exactly integrate the bending contribution.

B,: strain displacement matrix associated with bending.

fien: number of nodes associated with the reference surface.

° Shear Stiffness

kshw [kib“_)]
=[BT H
kg’:_)_én,. cPB,jdD

where C{? is the constitutive matrix for the shear effects for layer . Consequently

Dioay - g
k3D, = T B, cOB, jwd (13.9.30)

=1
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13.9.10 Evaluation of Stresses

Let us consider each “layer of finite elements” through the thickness direction. Let C{” and
C{? represent the inverse of the in-plane and out-of-plane parts of the compliance matrices for
the layers I. As noted previously, we are proposing a "layerwise shear deformable finite element
theory for thick composites.” Consequently, the bending contribution and the shear contribution
to the stiffness matrix are obtained by summing over the corresponding contributions for the

individual finite element layers. For each layer /, C{” and C{? are defined as follows:

OfD x{?
Otoning={ B t = CP{ xf (13.9.31)
2000 .. 2x2
Cii G Cye |©
CP=| C;; Cp Cy
Cis Cis Ces

Combining the in-plane membrane effect with the through-the-thickness effects in the element

( A
01?_. U
O’ég N u
modn - 2,2
o = > = C 13.9.32
memb = G ;9( ) m U33 ( )
262 U2tz
. P

where 6799 is the modified membrane stress for finite element layer /, and C is defined as

Ci Ci2 Ci3 Cis 1

cO= Ciz Cn Cp3 Cy
Cis Cp Ci3 Gy
Cis Cs Cis Ces

Similarly
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o
cO= Cu Css
Css Css

139.11 External Force Vector

Body Force: The element body force vector is given as

Y = (fbody
ST;I 6=
%=
Y= [ NTfjdid0
5x1 0O 0

where

~NZef NZef

0
13 ~NZel NZel
* -NzZel NZel

N,
N,=| 0
0

oZo

Surface Force: The element surface force vector is defined by
£ = (£7)

= [NThj, %d0 , (X3= |,
(]

X™ : Top
: Bottom}

(13.9.33)

(13.9.34)

(13.9.35)

where )?3 is the thickness parameter, h is the surface force vector (per unit surface area) and j;

defined as

Js=llxg xxqll
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is the surface Jacobian of the reference surface. The surface force includes both pressure and

shear which can be defined as below.

a) Pressure: In our case

h=-Xspn (X;=0 or X3=X") (13.9.36)
e X
S Sohe
Ileg X ey !

where p is the pressure and n is the unit normal vector to the composite surface.

b) Shear: We assume that the shear is specified in the £ and 1 directions on the surface in ques-

tion. In this case the surface force vector is given by
h=hger + hpe, (13.9.37)
where hg and h,, are the shear in the € and n directions, respectively.

Edge Force: Suppose we wish to apply a distributed loading along an 1 = +1 or -1 edge. Leth

denote the distributed surface force. The nodal forces are

+1 ).(;.'

fodse = jl £ (NT b j)| st or -1ydG dE (13.9.38)

where

je=1Ixgxxgll  (edge surface Jacobian)

The case of loading along an & = +1 or -1 edge is handled by interchaing & and 1 in the above

relations.

Note that when the reference surface is not taken to be the midsurface, nodal moments are

produced even when h is constant (i.e., in general, f, # O,f.5 #0). If edge forces or moments are
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specified per unit edge length, then nodal forces are computed as explained next. Consider an
= +1 or -1 edge. Let f™ = f"(£) denote the edge force and let m!™ = m/™(€) denote the edge

moment. The nodal forces are then given by

+1 line
f:
fodse = “;N'I( to-n)t » Nxglldg (13.9.39)

Note that m}™ and mj™ must have the same sense as 6, and 6,. The result is made applicable

toan § = +1 or -1 edge if € and 1 are interchanged in the above relation.

The element external force vector is thus defined by adding all the preceding force vectors

as follows

fext = fbody . geurf | gedge (13.9.40)
13.9.12 Boundary Conditions

It is important to realize that the boundary conditions in the present theory are not always
the same as those for the classical thin plate theory. The differences occur in the specification of
the "simply supported” case. In the modified theory, there are two ways of going about this,
depending on the actual physical constraints. See Hughes 1987, p. 324-327 for the necessary
details.
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14.0 NUMERICAL SIMULATIONS

14.1 Introduction

The finite element formulation presented in the previous section was implemented in the
computer program FEAP and several test problems were analyzed. These included various com-
posite laminates with flat and curved geometries. The results of these analyses are presented in
this section. For each simulation the geometry, the material properties, the boundary conditions,
loadings, and the finite element discretization were discussed and various results of the simula-

tion were presented at the end of this section.

Simulation #1

14.1.1 Free Edge Boundary-value Problem [45,-45]s

The first numerical simulation is a prismatic symmetric laminate having traction-free edges
at x =t a and surfaces z = £ h, and loaded by strain applied only on its ends at y = constant.
Each layer is composed of unidirection fiber-reinforced material such that the fiber direction is
defined by its angle © with the y-axis.

The elastic properties of various composite materials used in this numerical simulation
have been taken from N. J. Pagano [p. 4, Pagano 1989]. These material propertics are E; =
137.9 GPa, Ey = E, = 14.48 GPa, Gy 1 = G 7 = Gyz = 5.86 GPa, vy 1=V 7 = V17 = 0.2]1 where
subscript L denotes the direction parallel to the fibers, T denotes the in-plane direction perpen-

dicular to the fibers, and the subscript Z denotes the out-of-plane direction.

In this example a laminate consisting of four unidirectional fibrous composite layers, two
with their axis of elastic symmetry (fiber direction) at +45 and two at -45 to the longitudinal lam-
inate axis was considered. Figure 14.1 shows the laminate geometry and the coordinate system.
1% strain in opposite directions is applied at y = 0 and y = L, respectively, while it is restrained
to move in the axial, lateral and thickness directions at the xZ plane passing through y=1/2. In
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order to solve this problem a finite element mesh comprising 1920 composite shell elements with
2665 nodes was generated. The physical dimensions for the numerical simulation were x = 20, y
= 60, z = 2.5, with 12 elements in xdirection, 40 elements in the ydirection and 4 finite elements
through the thickness. For each finite element layer through the thickness, the reference surface
was assumed to be associated with the bottom surface of that layer. In the following figures cle-
ments 241-280 belong to the bottom layer with +45° ply orientation, elements 721-760 and
1201-1240 belong to the middle two layers with -45° orientation while elements 1681-1720
belong to the top layer with +45° orientation at a section cut at the dashed cross-section in Figure
14.1. In these results, g-1 is the transverse shear stress oy, and g-2 is the transverse shear stress
Gy, The stress distribution obtained agrees very well with the numerical results by J. N. Pagano
for the same physical dimensions of the problem and material properties and rather much refined

spatial discretization.

1.  Figures 1.1 and 1.2 show the various stress components for 0 = +45° and 0 = -45°, respec-

tively. For a deeper insight, please see Fig. 1.3-1.8 and the following explanation.

2.  Figure 1.4 shows the inplane shear stress o, and is equal in magnitude but opposite in
sight for the two material sets. The ratio of G,, and Oy, agrees closely with that of

Pagano’s numerical simulation.

3.  Figure 1.5 shows the through the thickness stress component ©,,. It shows a sudden

increase in value close to the free surface.

4. Figures 1.7 and 1.8 show the transverse shear stresses and Figures 1.9, 1.10 and 1.11
represent the moments generated because of the shearing stresses, thereby giving rise to

curvatures near the free edges of the laminate.

5. Figures 1.12, 1.13 and 1.14 represent the displacement fields in the axial, through-
thickness and the transverse directions to the applied loading, respectively, whereas Fig.
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1.15 represents the distribution of the rotation about the axis of loading. The other rota-
tion component is numerically zero as evidenced by Fig. 1.16. The antisymmetry in the
axial displacement plots which is caused by the 3-D nature of the solution close to the free
edges is evident in Fig. 1.12.

It is important to compare Figures 1.13 and 1.17. Both represent the distribution of the
through thickness displacement field, but at y = L/2 and y =L, respectively. As shown in
Fig. 1.17, a twist in the thickness direction takes place, thereby causing the ensuing dis-
placement field become antisymmetric about the symmetry plane which is perpendicular
to the thickness direction. Furthermore, at this section, the rotation about the transverse

axis also becomes non-zero, and can be seen in Fig. 1.20.

elem. 1681-1720

elem. 1201-1240

L/ elem. 721-760

. 241-280

4hI
nodes 2379—24

=
nodes 1846-1886 S

nodes 1313-1353 i
nodes 780-820 ! %
nodes 247-287 - 45 degrees 20

Figure 14.1
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Simulation #2

14.1.2 Free Edge Boundary-value Problem with a circular hole [45,-45]s

This numerical simulation is a prismatic symmetric laminate with a circular hole, having
traction-free edges at X = t a and surfaces z= 1 h, and loaded by strain applied only on its ends
at y = constant. The ratio of diameter of the hole to the width of the composite is D/W = 0.1.
Each layer is composed of unidirectional fiber-reinforced material such that the fiber direction is
defined by its angle © with the yaxis. The material properties, and the physical dimensions of
the composite are the same as in the preceding case, however the computational mesh is quite
different. To solve this problem a mesh containing 720 composite elements per finite element
layer and with four layers through the thickness was generated. The total number of nodes in
this problem is 3780. The unit diameter cylindrical hole has its center point at (0,0,0). No boun-
dary conditions are applied on the surface of the hole, i.e., it is traction free. The block is con-
strained to move in the axial, transverse or lateral direction by appropriately constraining the

nodes along the symmetry lines on the xz section passing through y=0.

1. Figures 2.1 and 2.2 present the various stress components for +45° and -45°, respectively,
at a xz plane that passes through y=0.

2. Figure 2.3 shows the axial stress Oy, across the width of the laminate. Elements 521-540
belong to the bottom layer with +45° ply orientation, elements 1241-1260 and 1961-1980
belong to the middle two layers with -45° orientation while elements 2681-2700 belong to
the top layer with +45° orientation. Results are shown for the transverse plane along the
positive x direction at y = 0. Away from the hole the stress distribution obtained agrees
very well with the preceding numerical results for the same physical dimensions of the
problem and material propertics. However a sharp gradient in the stresses can clearly be
seen and the value increases to almost two times its value in the region away from the hole

or the free edge.
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Figure 2.4 shows the inplane shear stress o,, and is equal in magnitude but opposite in sign
for the two material sets. Once again close to the hole there is a sudden increase in the
value of the stress. The ratio of G,y and G, agrees closcly with that of the preceding

numerical simulation.

Figure 2.5 shows the through the thickness stress component ©,,. Near the hole the value
climbs to 12 times its value near the free surface. This shows that if the composite was
designed to withhold the through thickness stress of the free edge and a hole was drilled
through it, the very high stress concentration that develops around the hole can result in

delamination, thereby resulting in a very sharp

Figures 2.6 and 2.7 are important in the sense that they show the various stress components
along the circumference of the circle for the +45° and the -45° laminates, respectively.
These stresses have been evaluated at the Gauss points that are closest to the free edge.

The details for the major stresses can be seen in Figs. 2.8-2.10.

Figures 2.11-2.14 represent the displacement and rotation fields along the radial distance
from the hole in the lateral direction to the applied strain. They should be compared with
Figs. 1.12-1.15 of the previous numerical simulation. The difference between the two sets
of plots is that in the previous case we had plotted the entire cross section while in the
present case only half of the section, i.c., radially out from the center of the hole is shown.
It is evident that in the region away from the hole, the numerical results agree closely with
that of the simulation without the hole. It shows that the edge effects that arise because of
the circular hole are localized in a small region around it. However, the important observa-
tion is that although this region is small relative to the entire domain, the gradients in these
regions are the steepest, making it more vulnerable to delamination and high stress concen-

tration.
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Figures 2.15-2.18 provide a deeper insight in th:e displacement and rotation pattern around
the circular hole. Figure 2.15 shows the axial displacement along the circumference of the
hole. An antisymmetric deformation can clearly be seen which shows that an analogous 3-

D deformation phenomenon takes place at the free edges generated by the hole.
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nodes 2080-2100 X \ / S
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nodes 568-588 ‘ - 45 degrees 20

Figure 14.2
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Simulation #3
14.1.3 Free Edge Boundary-value Problem [0,90]s

The third numerical simulation is again a prismatic symmetry laminate having traction-free
edges at x= ta and surfaces z = th, and loaded by strain applied only on its ends at y = constant.
Each layer is composed of unidirectional fiber-reinforced material such that the fiber direction is
defined by its angle 0 with the gaxis.

The elastic properties of various composite materials used in this numerical simulation
have been taken from N. J. Pagano. In this example a laminate consisting of four unidirectional
fibrous composite layers, two with their axes of elastic symmetry (fiber direction) at 0° and two
at 90° to the longitudinal laminate axis was considered. Figure 14.1 shows the laminate
geometry and the coordinate system. 1% strain in opposite directions is applied at y=0 and y=
L, respectively, while it is restrained to move in the axial, lateral and thickness directions by
appropriately constraining the nodes along the symmetry lines at y = L/2 section. The physical
dimensions of the problem, the computational mesh and the boundary conditions are the same as

for simulation 1, and therefore are being omitted here.

1. Figures 3.1 and 3.2 show the various stress components for © = 0° and 6 = 90°, respec-
tively. For a deeper insight into the behavior of these stresses the reader is referred to Figs.
3.3-3.6.

2. Figures 3.7-3.10 represent the displacement and the rotation fields developed at y=L/2. In
Fig. 3.7, the antisymmetry in the axial displacement, although extremely small, can still be
seen which shows that the element is numerically very stable. There is another very impor-
tant observation that needs to be made at this stage. Unlike the simulation #1 with [45,-
45]s laminate (Fig. 1.15) in which the edge at y = L undergoes a twisting deformation, in

the [0,90]s laminate, under the same boundary and loading conditions the response in the
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through thickness direction still stays symmetric. What is important to note is that when-
ever one is working with ply orientation which is different from [0,90]s case, there is
always going to be a 3-D phenomenon at the edges. So for all practical purposes, in com-
posite design or in the design of engineering components made of composites, if the load-
ing is applied at a certain angle to the ply laminates which is other than 0 degrees or 90

degrees, a computational tool which accounts for 3-D effects is a must.
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Simulation #4

14.1.4 Free Edge Boundary-value Problem with a Circular Hole {0,90]s

This numerical simulation is a prismatic symmetric laminate with a circular hole, having
traction-free edges at x = +a and surfaces z = 1h, and loaded by strain applied only on its ends at

y = constant. The diameter to width ratio D/W = 0.1. The material properties, and the physical

dimensions of the composite are the same as in the preceding three cases. The computational

mesh is identical to the one used in Simulation 2. The difference is that in the present case it is

[0,90]s laminate. The unit diameter cylindrical hole has its center point at (0,0,0), see Fig. 14.2.
No boundary conditions are applied on the surface of the hole, i.e., it is traction free. The block

¥, constrained to move in the axial, transverse or lateral direction by appropriately constraining

the nodes along the symmetry lines at y = 0 surface. We have modelled the entire composite

without the assumption of symmetry.

1. Figures 4.1 and 4.2 show the relative magnitudes of all the stress components for the layers

at 0 degrees and 90 degrees, respectively. As can be seen, the axial stress is orders of mag-

nitude greater than all the other stresses and close to the hole it increases to almost three

times its value than in the rest of the domain.

2. Figures 4.3 and 4.4 represent the axial stress 0,, and intermalinar normal stress G, at the

periphery of the circular hole.

4. Figures 4.5-4.6 and Figs. 4.7-4.9 represent the displacement field along the radial distance

from the hole in the transverse direction to the applied loading, and along the circumfer-

ence of the circular hole, respectively.
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Simulation #5
14.1.5 Extension Test; Comparison with J. N. Reddy [45,-45]s

We have selected this numerical from the paper of J. N. Reddy. The same problem with
identical boundary conditions, material properties and ply orientations has also been solved by
R. M. Jones in his book on Mechanics of Composite Materials.

Consider a thick, symmetric, angle-ply laminate [45,-45]s subjected to axial displacements
on the ends. The laminate has a length of 2L, width 2W, and thickness 2h, with L = 10W and W
= 8h (see Fig. 14.1). Each of the four material layers is of equal thickness h, and is idealized as a
homogeneous orthotropic material with the following properties expressed in the material coor-

dinate system:

E_=20x10°psi , Er=E,=2.1x 105 psi
Gr1=Gpz = Gzr=0.85 x 10® psi

WMr=Hz= ?!lz=0.21

where subscript L denotes the direction paralle] to the fibers, subscript T denotes the inplane
direction perpendicular to the fibers, and the subscript z denotes the out-of-plane direction. The
origin of the global coordinate system coincides with the centroid of the three-dimensional com-
posite laminate. The a-coordinate is taken along the width. of the laminate; the y-coordinate is
taken along the length of the laminate; and the z-coordinate is taken through the thickness of the
laminate. Since the laminate is symmetric about the xy-plane, only the upper half of the lam-
inate is modelled. Thus the computational domain is defined by (W < x<W,-LSy<L,0<z
< 2h). The displacement boundary conditions for this problem are

u©0-L0)=0 u,OL0)=0
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u(x-L2)=0 uyxL.2)=U,

ll3(£y.0) =0

In order to solve this problem a finite element mesh comprising 1920 composite shell ele-
ments with 2665 nodes was generated. The physical dimensions for the numerical simulation
were L = 200, W = 20, z = 2.5, with 40 clements in x direction, 12 elements in the y direction
and 4 composite elements through the thickness. '

1. Figures 5.1-5.3 represent the various significant stress components through the composite
cross section cut at y = 0, i.c., at midspan of the loading axis. These numerical results are
very close to the computed numerical values of J. N. Reddy and R. M. Jones, although both
are using a much higher refinement of the mesh in the thickness direction when compared

to our spatial discretization.

Figures 5.4-5.6 represent the bending stresses. The general behavior is the same as of the
previous cases for [45,-45]s.

3. Figures 5.7-5.9 represent the displacement fields as obtained at y = 0 and y = L, respec-
tively. It is interesting to note that the twisting in the through-thickness displacement field

that we observed in Simulation 1 is also present in the present simulation.

- O O G5 Uh G B B B D ) B N T RO E .
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Simulation #6

14.1.6 Bending Analysis [45,-45,45]s

This simulation presents a bending test involving a square plate with uniformly distributed
load. In this simulation the complete plate without the assumption of symmetry was analyzed.
The plate is composed of three laminates stacked in 45/-45/45 cross-ply construction with 6
measured from the x; axis. The material properties of Simulation 1 which were taken from J. N.
Pagano have been used in this case as well. The finite element mesh is composed of 675 ele-
ments with 225 elements per finite element layer and 3 finite element layers through the thick-

ness. The distribution of elements is 15 x 15 x 3. The total number of nodes is 1024.

In the present numerical simulation the plate is clamped along the boundaries and a uni-
formly distributed load of intensity q, is applied in the +z direction. Numerical results are
reported for the section cut at y = b/2.

1. Figures 6.1 and 6.2 present the various components of stresses for the +45 ply on the ten-
sion side and the -45 ply which lies on the axis of symmetry in the z direction, respectively.
A detailed analysis of stresses can be seen in Figs. 6.3-6.8. Since the edges are clamped, the

stresses have a certain finite value at the boundary.

2. Figures 6.9 and 6.10 present the bending moments.

3. We present the displacement and the rotation fields in Figs. 6.11-6.13.

We would like to mention that bending analysis similar to this simulation has not been reported

in the literature.

Figure 6.3 shows bending stresses in x direction (G,,) for top, center and bottom layers of

the plate. For the center layer, the stresses are calculated at the Gaussian integration points
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which are located at the neutral axis of the plate and the finite element simulations predict the
correct zero values. Stresses for the top and bottom layers are symmetric with regard to the neu-

tral axis but with opposite sign.

Figure 6.4 presents bending stresses in y-y directions for the same cross-section.

Figure 6.5 is the distribution of in-plane shear for the three plies.

Figure 6.6 presents the distribution of transverse normal stress component.

Figures 6.7 and 6.8 show the shear stress components for various layers.

i
elem. 556-570 : _ Y
elem. 331-345 ) - - - - - - - -
D G RE LR L S h bbb abh Al
elem. 106-120 ' j - I -
N, g nodes 881-896
'/ nodes 625-640
e
- nodes 369-384
nodes 113-128
0 i - 45 degrees
Figure 14.3
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Simulation #7

14.1.7 Bending Analysis [45,-45,45]s

This simulation again presents a bending test involving a square plate with uniformly distri-
buted load, but with Simply Supported edges. Once again in this simulation the complete plate
without the assumption of symmetry was analyzed. The plate is composed of three laminates
stacked in 45/-45/45 cross-ply construction with @ measured from the x; axis. The physical
dimensions, material properties, loading conditions and the finite element mesh used for analysis

remain unchanged from simulation #6.

1. A detailed analysis of stresses can be seen in Figs. 7.1-7.6. Unlike the clamped case, in the
simply supported case the stresses tend to vanish at the free edges.

2. Figures 7.7-7.9 present the bending stresses.

3. We present the displacement and the rotation fields in the remaining plots.
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Simulation #8
14.1.8 Cylingdrical Shell with Free Edge Boundary (45-45]s

The last numerical simulation is a cylindrical shell having traction-free edges at r = r;,1;,
loaded by 1% strain applied in -z direction on its ends at 8 = 90 degrees. Each layer is composed
of unidirectional fiber-reinforced material such that the fiber direction is defined by its angle 6

with the y-axis.

The elastic properties of various composit materials used in this numerical simulation have
been taken from N. J. Pagano [p. 4, Pagano 1989]. In this example a laminate consisting of three
unidirectional fiberous composite layers, the top and bottom with their axis of elastic symmetry
(fiber direction) at +45 while the center one at -45 to the longitudinal laminate was considered.
Figure 14.4 shows the laminate geometry and the coordinate system. 1% strain in the -z direc-
tions is applied at the cross-section at 6 = 90, while it is restrained to move along the cross sec-
tion at © = 0. In order to solve this problem a finite element mesh comprising 675 composite
shell elements with 1024 nodes was generated. The physical dimensions for the numerical simu-
lation were r) = 20, r, = 21.5, z = 20, with 15 elements in the © direction, 15 elements in the y
direction and 3 composite elements through the thickness. For each finite element layer through
the thickness, the reference surface was assumed to be associated with the bottom surface of the
composite shell. We will be looking at a section cut at Y = 0 for the displacement and the stress
fields.

1. Figure 8.1 shows 0, across the width of the laminate. Elements 1-15 belong to the bottom
layer with +45 ply orientation, elements 226-240 belong to the middle layer with -45 orien-

tation while elements 451-465 belong to the top layer with +45 orientation.

2. Figure 8.2 shows 0,,. Figure 8.3 shows stress component 6. At 8 = 0 it shows tension on

the inner layer and compression on the outer layer with +45 ply orientation.
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3.  Figures 8.4-8.6 represent the above three stress components at a section cut at y = b/2.

4. Figures 8.6-8.8 represent the displacement field at section y = 0 and Figs. 8.9-8.11 represent

the corresponding values at an interior section with y = b/2.
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modes 513-528 —__ | T~ T
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nodes 1-1g =
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elem. 331-345

elem. 106-120
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- 45 degrees elem. 226-240

elem. 1-15

Figure 14.4
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Sig-xy along Circle,[45,-45]s,nummat=2
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Uy, Plt with Cir Hole,D/W=0.1,1%Strain
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Ux, Plit with Cir Hole,D/W=0.1,1%Strain
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Ux along the Circle,[45,-45]s,nummat=2
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Sig-yy,[0,90]s,1% strain along Y
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Uy,[0,90]s,1% strain along Y
SectioncutatY = L/2, nummat = 2
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Ux,[0,90]s,1% strain along Y
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Sig-yy along Circle,[0,90]s,nummat=2
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Uz,Plt with Cir Hole,D/W=0.1,1%Strain
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Uz along the Circle,[0,90]s,nummat=2
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Uy along the Circle,[0,90]s,nummat=2
1% Strain app along Y,nodal inc = 21
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M-xx,[45,-45],1% strain (Y),nummat=2
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Uy,[45,-45]s, 1% strain (Y),nummat=2
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